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Invariant theory

Rota, GC. (2001). What is invariant theory, really? In: Crapo, H.,
Senato, D. (eds) Algebraic Combinatorics and Computer Science. Springer,
Milano. https://doi.org/10.1007/978-88-470-2107-5 4

Rota (2001)

“Invariant theory is the great romantic story of mathematics.”

“Like the Arabian phoenixz arising from its ashes, classical

tnvariant theory, once pronounced dead, is once again at the
forefront of mathematics.”
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Origins of Invariant Theory

@ Classically, invariant theory deals with polynomial functions,
which do not change under linear transformations.

o The origins of the theory can be found to the works of Lagrange
(1770’s) and Gauss (early 1800’s) who studied the representation
of integers by quadratic binary forms and used the discriminant to
distinguish nonequivalent forms.

@ The real invariant theory began with the works of George Boole
and Otto Hesse in the 1840’s.

o Originally efforts were focused on describing properties of
polynomials by vanishing of invariants, but shifted towards finding
fundamental sets of invariants.

o Later, the further development of the theory continued in the
work of a pleiad of distinguished mathematicians, among them
Cayley, Sylvester, Clebsch, Gordan (known as “Konig der
Invariantentheorie”), and Hilbert.



Mathematicians who worked in the field

D. Hilbert A. Clebsch P. Gordan



Algebra of invariants

o Let K be a field of characteristic 0.
o Let K[X4] be the polynomial algebra in d variables over a field K.

o Let K (X ) be the free associative algebra freely generated by the
set Xq ={z1,...,24}, d> 2.
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Every mathematics student knows the Fundamental theorem
of symmetric polynomials

Every symmetric polynomial can be expressed in a unique way as
a polynomaal of the elementary symmetric polynomaials.

More precisely:
We fiz a field K, a set of d variables X4 = {z1,--- ,z4} and

consider the polynomial algebra K[X4 = K[z1,--- ,24]. We define
an action of the symmetric group Sym, on K[X4] by

o f(z1, - ,z4) = flo(z1), - ,0(z4)),0 € Symy, f € K[X4]




Theorem

(1) The algebra of symmetric polynomarals
K[X4™¢ = {f(Xa) € K[X4]| o(f) = f for all ¢ € Symy}.

1s generated by

d
er=21+ - +Ta= ) T
i=1

d
€2 = T1Zy + T1T3 + -+ + Ta_1Zqg = Y TiTj,
1<j

€4 = T1': - Td;

(2) If f € K[X4]5V™4, then there exists a unique polynomial
p € K[y1, - ,Yd] such that f =p(e1,- - ,eq). In other words, the
elementary symmetric polynomaials are algebraically independent.




Invariant theory studies the following generalization:

Diagonal action

The group GL4(K) of d x d invertible matrices acts canonically from
the left on the vector space with basis X4 = {z1,2Z2,...,z4}. This
action is extended diagonally on K|[X,4] by

9(f(z1,...,zn)) = f(9(z1),...,9(zn)), 9 € GL4(K),f € K[Xq4].

v

Algebra of G-invariants
Let G be a subgroup of GL4(K). The algebra of G-invariants is

K[X4)® ={f € K[Xd]| g(f) = f for all g € G}.




Problem: Describe K[X,]¢

(1) Is the algebra K[X4)C finitely generated for all subgroups G of
GL4(K)?

This is the main motivation for the 14-th problem of Hilbert from the
International Congress of Mathematicians in Paris in 1900.

Answers.
o G - finite - YES (Emmy Noether);



Answers

Der Endlichkeitssatz der Invarianten endlicher Gruppen.

Vou

Emuy Noerner in Erlangen.

]m fnlganden w].l. ein ganz al!lnmhnr — nur auf der Theorie der
— Endlichkeitsbeweis der Invari

tan endlicher G'ruppen gebracht werden, der zugleich eine wirkliche Angabe
des .vollen Systems liefert; wihrend der gewdhnliche, suf das Hilbertsche
‘Theorem von der Modulbasis (Ann. 36) sich stiltzende Beweis nur Existenz-
‘beweis ist.*)

Die endliche Gruppe § bestehe ans den h linearen Transformationen
(von nichtverschwindender Determinante) A, - -- A., wobei durch 4, die
lineare Transformation

2 ) ' _,_ _Z‘ o

ve1
oder abliirzend: (2#) == A,(x) dargestellt sei. Die Gruppe § fithrt also
die Reihe (#) mit den Elementen z, - - - z, fiber in dis Reihen (z®) mit
den Elementen z{--.a{). Ds unter 4, --- 4, die Identitit enthalten
sein mu, ist auch unter den Reihen (z®) die Reihe (z) enthalten. —
Unter einer ganzen rationalen (absoluten) Invariants der Gruppe sei eine
solche ganze rationsle Fuoktion von , -- -, verstanden, die bei An-
wendung von A, --- 4, identisch ungelindert bleibt; fiir eine solche In-
variante f(z) gilt also:

o) Fl@) = fla®) = oo () = T D ().
A T

Emmy Noether
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Answers

Endlichkeitssatz of Emmy Noether, 1916

Let K be a field of characteristic 0 and G be a finite subgroup of
GL4(K). Then the algebra of invariants K[X4|® is finitely
generated and has a system of generators fi,..., fm, where each f;
15 homogeneous polynomzal of degree bounded by the order of the
group G.

o Emmy Noether also gave proof for fields of any characteristic in
1926.



Answers

o G-reductive (in some sense “nice”) — YES (Although not stated in
this generality, the (nonconstructive) proof is contained in the
work of Hilbert from 1890-1893);

o In the general case — NO (the counterexample of Nagata in the
1950s).



Counterexample for infinite groups in 1959

ON THE 14.TH PROBLEM OF HILBERT.**

To Professor Oscar Zaviski on his sizlieth birthday.

By Masavosut Naeara.

The following problem is known as the 14-th problem of Hilbert:

Let & be a field and let @+ - -, a, be algebraically independent elements
over k. Let K be a subfield of k(z,- + +,m,) containing k. Is k[z,- - -, 2]

NK finitely generated over k?

The purpose of the present paper is to answer the question in the
negative by giving a counter-example. In fact, we shall give a counter-example
to the following restricted case, which was the original question of Hilbert,
and which we shall call the original Lj-th problem:

Let G be o subgroup of the full linear group of ke, - -, 24] and let o
be the set of elements of k[ay,- - -, @,] which are invariant under G. Is o
finitely generated over k?

We shall note that the construction of our example is independent of the
characteristic (and k may be the field of complex numbers).

Masayoshi Nagata
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Problem: Describe K[X,]¢

(2) If K[X4)€ is generated by fi,..., fm, then it is a homomorphic
image of K[Yy,] (7 : K[Ym] — K[X4]€ is defined by 7(y;) = f;).
Find generators of the ideal ker(r).

Answers. Explicit sets of generators for different groups G.

Hilbert’s Basissatz. Every ideal of K[Y,,] is finitely generated.
(Nonconstructive proof.)



Chevalley-Shephard-Todd

Theorem (Chevalley-Shephard-Todd)

For G finite K[X4)¢ = K[Yy] if and only if G < GL4(K) is
generated by pseudo-reflections (matrices of finite multiplicative
order with all eigenvalues except one equal to 1 or matrices of
finite multiplicative order that fix a hyperplane).




K[X,] and K[X4]¢ are graded
Definition.

A ring R is said to be graded, if it can be decomposed as direct sum

of additive groups, such that R;R; C R;;.
An algebra A is said to be graded if it is graded as a ring.

For the polynomial algebra and algebra of invariants, there is the
natural grading

K[Xa = D (K[Xa)® and K[X,]¢ = PK[X%)®.
£>0 k>0




Theorem (Hilbert-Serre)

The Hilbert series H(K[X4)%,t) = 1.2, dim(K[X4]%)™t" is a
rational function of t in the form

IO ez

(1 - k)

=1

Theorem (Molien Formula, 1897)
For a finite group G,
1

1
H(K[X4)C,t) = Gl 9262; Ecppny
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Noncommutative generalizations

Problem

Replace the polynomial algebra K[X4] with another noncommutative
algebra which shares many of the properties of K[X4].

The most natural candidate is the free associative algebra K(Xg)
(or the algebra of polynomials in d noncommuting variables). This
algebra has the same universal property as K[X]:

o If R 1s a commutative algebra, then every mapping Xg — R

can be extended in a unique way to a homomorphism
K[X4] — R.

e If R 1s an associative algebra, then every mapping Xy — R can
be extended in a unique way to a homomorphism K(X4) — R.



Symmetric polynomial in K(X;)

Problem
Describe the symmetric polynomials in K (Xg). J

Answer - M.C. Wolf, Symmetric functions of non-commutative
elements, Duke Math. J. 2 (1936), No. 4, 626-637.

Next step

Develop noncommutative invariant theory and study K (X,)€.

Go further

Study F(X4)¢, where F(X,) is an algebra with universal property
similar to those of K[X4] and K(X,) (the free Lie algebra L(X4), the
free nonassociative algebra K{X4}, the relatively free algebra F;(*0) of
a variety of algebras U).

V.




The main results of Margarete Wolf

Theorem

(i) The algebra of symmetric polynomials K(X4)V™d) d>2, isa
free associative algebra over any field K.

(ii) It has a homogeneous system of free generators {f; | 7 € J}
such that for any n > 1 there s at least one generator of degree n.

(iii) The number of homogeneous polynomzials of degree n is the
same 1n every homogeneous free generating system.

(iv) If f € K(X4)5™9) has the presentation
f= Z ajfi - fim» aj €K,
]:(]lly]m)

then the coefficients a; are linear combinations with integer
coeffictents of the coefficients of f(Xg).

V.




Symmetric polynomials in two noncommuting variables

Theorem (Wolf)

In the free generating set of K(X3)%? there is precisely one element
of degree n for each n > 1.
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What happened with noncommutative symmetric
polynomials after Margarete Wolf?

o Symmetric functions in commuting variables are studied from
different points of view. The same have happened in the
noncommutative case. In her paper Margarete Wolf studied the
algebraic properties of K (X)%¢.

@ The next result in this direction appeared more than 30 years
later in

G.M. Bergman, P.M. Cohn, Symmetric elements in free powers of rings, J.
Lond. Math. Soc., II. Ser. 1 (1969), 525-584 where the authors generalized

the main result of Wolf.



There is an enourmous literature devoted to different aspects in the
theory. We shall mention few papers and one book only.

@ I.M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V.S. Retakh, J.-Y. Thibon,
Noncommutative symmetric functions, Adv. Math. 112 (1995), No. 2, 218-348.

@ S. Fomin and C. Greene, Noncommutative Schur functions and their applications,
Discrete Math. 193 (1998), 179-200.

@ M.H. Rosas, B.E. Sagan, Symmetric functions in noncommuting variables, Trans.
Am. Math. Soc. 358 (2006), No. 1, 215-232.

@ N. Bergeron, C. Reutenauer, M. Rosas, M. Zabrocki, Invariants and
coinvariants of the symmetric groups in noncommuting variables, Canad. J. Math. 60
(2008), No. 2, 266-296.

@ D.S. Kaliuzhnyi-Verbovetskyi, V. Vinnikov, Foundations of Free
Noncommutative Function Theory, Mathematical Surveys and Monographs, vol. 199,
Providence, RI, American Mathematical Society, 2014.



Noncommutative invariant theory

o Let K be a field with arbitrary characteristic.

o As in the commutative case we assume that the general linear
group GL4(K) acts on the vector space with basis X4 and extend
this action diagonally on K(X4) by the rule

9(f(z1, ... 2a)) = f(9(z1), ..., 9(za)), g€ GLa(K), f € K(Xq).

e If G is a subgroup of GL4(K), then the algebra of G-invariants

1S
K(X4)® ={f € K(Xq) | g(f) = f for all g € G}.



Similarity and differences between commutative and
noncommutative invariant theory

The first natural questions are:

o Which results in commutative tnvariant theory hold also in
the noncommutative case?

o Which results are not true?
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The problem for finite generation

@ The group G C GL4(K) acts on the vector space with basis X4 by
scalar multiplication if G consists of scalar matrices.

o If G is finite and acts by scalar multiplication, then G is cyclic. If
|G| = q then K(X4)€ is generated by all monomials of degree g.
The number of such monomials is equal to d? and hence the
algebra K (X,)€ is isomorphic to the free algebra K (Yyq).



Koryukin, Dicks and Formanek, Kharchenko

It has turned out that the analogue of the theorem of Emmy
Noether for the finite generation of K[X4]€ for finite groups G holds
for K(X4)€¢ in this very special case only.

Theorem (Koryukin, Dicks and Formanek, Kharchenko)

Let G be a finite subgroup of GL4(K). Then K(X;)€ is finitely
generated if and only if G acts on the vector space with basis X4 by
scalar multiplication.

W. Dicks, E. Formanek, Poincaré series and a problem of S. Montgomery, Lin.
Multilin. Algebra 12 (1982), 21-30.

V.K. Kharchenko, Noncommutative invariants of finite groups and Noetherian
varieties, J. Pure Appl. Algebra 31 (1984), 83-90.




Their results were generalized in 1984 for infinite groups.

Theorem (Koryukin)

Let G be an arbitrary (possibly infinite) subgroup of the matriz
group GL4(K). Let KY,, be a minimal (with respect to inclusion)
vector subspace of KXy such that K(X3)¢ C K(Y;,). Then K(X;)¢
1s finitely generated if and only if G acts on KY,, as a finite cyclic
group of scalar matrices.

Koryukin, A. N. Noncommutative invariants of reductive groups. Algebra Logika
23, 4 (1984), 419-429. Translation: Algebra and Logic 1984; 23




Koryukin’s 1984 Paper

YIK 510, 48

O HEKOMMYTATHUBHBIX HHBAFPMAHTAX PEOYKTHBHHX TPYTIN
A. H, KOPIOKITH

B nactosiied paGoTe PaccMarpitBaeTcd BOMPOC O KoNeuHo#l [OPOXABEMOCTH anretp

HHBAPMAHTOB HEKOTOPBIX MMHEHHBIX PPYTUl, ACACTBYIOUNX HA' KOHOMHO-IOPOXAGHHLIX ao~

colaTuaHpX anrebpax., [lpu cTamaapthodl sio BOMpOCA B TAaTKBHOM
cnywae yme [l KOHEMHbIX IPYIUl MOYMAKTCH B OGHOBHON OTPHUATOMLHLIO pesymLTaTEL
B aToM Cnyuse CIpABeNTMBA CAeAyOWAaR Teopenma, AOKAdaINad HOIABHCHMO Aukcom #
GopraHeKOAL D] it XapueHKo [2]:

TEOPEMA, IycTysb G- - KOoOHeYHas rpynna ansed-

bioX npeoﬁpaabaﬂ){\lllxcﬂe‘(ﬂoslepﬁoro npoc-

=

panctea VY . PaccyMoTpMHM HNAYyUwpomanmose

T

mpe#dcTBHE G— Ha TeHaoOpHOHR anraﬁpeF(V)npoc-
TpaHCTBA V ., Torana anre®pa KHBBPHAHTQBF(VG
KDHE‘(HD-HOPCMRE\(ADTO}-‘HTOIIBKI)BTO)‘ cChay-
wae, Koraa G - rpynna cxanapumx npeobpaso
BaHUM@,
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Finite generation with additional action

Theorem (Koryukin)

Let the symmetric group S, of degreen, n =1,2,..., act from the right
on the homogeneous elements of degree n in K(X4) by the rule

($i1 -..min)Og-fl :"Big—l(l) .“‘Tig—l(n)a oE Sn
We equip the algebra K(X4) with this additional action and denote it
(K(X4)©,0) - an S-algebra.
Let the field K be arbitrary and let G be a reductive subgroup of GL4(K)
(t.e. all rational representations of G are completely reductble). Then the
S-algebra (K(Xd)G,o) (with this additional action) is finitely generated.

A.N. Koryukin, Noncommutative invariants of reductive groups (Russian),
Algebra i Logika 23 (1984), No. 4, 419-429. Translation: Algebra Logic 23 (1984),
290-296. J

For example, (z1Z2%1) 0 (12) = ToZ1Z1 = ToZ2.



What happens with the Chevalley-Shephard-Todd
theorem

Theorem. (Lane, Kharchenko)

Let G be a finite subgroup of GL4(K). Then the algebra of
noncommutative G-invariants K(X4)¢ is free.

D.R. Lane, Free Algebras of Rank Two and Their Automorphisms, Ph.D. Theszs,
Bedford College, London, 1976.

V.K. Kharchenko, Algebra of invariants of free algebras (Russian), Algebra ¢
Logika 17 (1978), 478-487. Translation: Algebra and Logic 17 (1978), 316-321.




By the Maschke theorem if the field K is of characteristic 0 or of
characteristic p > 0 and p does not divide the order of G, then the
finite dimensional representations of G are completely reducible. Hence
this inspires the following problem.

Problem

Let G be a finite subgroup of GL4(K) and let char (K) =0 or
char (K) =p > 0 and p does not divide the order of G.

(i) For a mintmal homogeneous generating system of the
S-algebra (K(X4)€,0) is there a bound of the degree of the
generators in terms of the order |G| of G, the rank d of K(X4)
and the characteristic of K ?

(ii) Find a finite system of generators of (K(X4)¢,0) for concrete
groups G.

(iii) If the commutative algebra K[X4]¢ is generated by a
homogeneous system {fi,..., fm}, can this system be lifted to
a system of generators of (K(Xd)G, 0)?

V.




Let A be the partition of n, i.e.
A=(A1,--,Ad)-

We denote

In particular,

are the power sums and

pamy = D, To() - To(n), N <d,
o€Sym(d)

are the noncommutative analogues of the elementary symmetric
polynomials.



TJM (2022) - SB, V. Drensky, D. Dzhundrekov,
M. Kassabov

Lemma

Over any field K of arbitrary characteristic the S-algebra

(K(X4)%7™(@) o) is generated by the power sums Pim), m=1,2....
V.

Theorem

Let char (K) =0 or char (K) = p > d. Then the algebra
(K(Xd)sym(d), o) of the symmetric polynomials in d variables is
generated as an S-algebra by the elementary symmetric
polynomaials p1i), 1 =1,...,d.




MDPI (2023) - SB, V. Drensky, D. Dzhundrekov,
M. Kassabov

Theorem

When d > char(K) =p > 0 the S-algebra (K (X4)57™(@) o) 4s not
finitely generated.

Theorem

If d > char (K) = p > 0, then the set {p, | n=1,2,...} is a minimal
generating set of the S-algebra (K(Xg) Sym )
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Dihedral invariants - SB, V. Drensky, S. Findik

Algebra C{u,v)P?" of invariants of the dihedral group Da,.
We assume that the dihedral group
Dzn = (p,7|p" = 7% = (1p)" = 1)

acts on the free associative algebra C(u,v) as

p:u—Eu T:U—V

v &ty U U

where £ is the n-th root of unity.

S. Boumova
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Dihedral invariants - SB, V. Drensky, S. Findik

The Hilbert series of the algebra C(u,v)P?~ is

1 1
hon(t) = H(C{u,v)Pt) = — FpEeaYi
" on 5 1—tr(g)t
Let Y be a homogeneous free generating set of C(u,v)P?" and let g, be
the number of polynomials of degree n in Y. It is well known the
relation between the Hilbert series of C(u,v)P?" and its generation
function of the sequence g1, go, .. ., i.€.

1
H(F,t) = ———~, wh t) = nt".
()= g ™here 9= 39

We aim to present a basis, a set of generators of the free algebra
C(u,v)P?" and compute its Hilbert series.



Theorem

o lfn=2m+1, m>1, then

hanft) = Ly L1 i 1
T2 T oam(1-2t) i 1—2cos(2T)t
o If n=2m, m > 1, then
SWOJEE S SR S U
YT Ton(l-2t)  2n(1+2t)  n = 1 2cos(ZE)t
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Hilbert series for small n and recurrence relation

’ n ‘ hon(t) ‘ Recurrence relation
3 ;fﬂ% Ami2 = Omy1 + 2am
4 =— Uiz = 40
5 % Am+3 = 3am+2 — 3Am+y1 + 20,
6 % Am+4 = 5Am+2 — 4am
7 % Amis = Qmi3 +40mio — 3ami1 — 2am
8 % am+s = 6ami2 — 8am
O | g a A e T | Omis = Gmia + 5t — 4Gmis — 5amit + 20m
10 % Am+6 = Tami4a — 13ami2 +4am




Generation functions for small n and recurrence relation

’ n ‘ 9on(t) ‘ Recurrence relation ‘
3 'F‘I% Am+2 = Gmi1 t am
4 % Amt2 = 30m
5 % Qi3 = Gmi2 + 20m i1 — Qm
6 % Om+ts = 4Gmy2 — 20m
7 % am+4 = Am43 + 3arm+2 - 2a'm—i—l — Om
8 % Gm+4 = DGmi2 — Dam
9 ts,giifiizii;ﬁ,l Um+5 = Gm44a + 40mi3 — 3Gmi2 — 3Ami1 + Gm
10 | gttt Gmi6 = 6Gmis — 9ami2 + 20m




Let n = 3. The Hilbert series is given by
he = ik il =1+4% + 83 4+ 3¢* +5¢° + 11¢° + 21¢" + 43¢ + 85¢° + ...
202 4+t—1
and corresponding relation is

Am+2 = AGm+1 + 28m = @m + 28m—1 + 28m = 3am + 2am—1, With ag =1,a1 =0.

l degree d \ number \ set of LT of elements of degree d
1 0 -
2 1 {uv}
3 1 {4%}
4 3 { v*v%, wvuv, wou }
5 5 { vw*v, vdvu, v¥vu® wou®, uot }
6 11 { (wv)wa, wa(uv), wa(vu), (W¥)ws, ws(¥®) }
k+2 { (wv)wg, we(uwv), we(vu), (v¥)we—1, wr—1(v%) }

Table: set of leading terms of elements of degree d in generating set



The generating function is given by

—¢?
ge

TEti—1

=2+ ¢+ 2t* +3t° +5¢° + 8¢ + 13¢5 +21¢° + ...

and corresponding relation is

Am4+2 = Gm41 +aAm = 2am + am—1

| d | no | set of LT of generators of degree d |
1 0 -
2 1 {uv}
3 1 {4%}
4 2 {v®®, wiu }
5 3 { v*v,v?vu’, uwv® }
6 5 { (wv)wa, wa(uv), (v®)ws }
k+2 { (wv)wg, wr(uv), (v’)we_1 }

Table: set of leading terms of generators of degree d
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Theorem

The S-algebra (C{u,v)P?" o) is generated (as an S-algebra) by
uv + vu and u™ + v".
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