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SCHUR’S THEOREM (1930)

THEOREM

For every n > 1, the truncated exponential series

X? X"
eXp,,(X)=1+X+j+---+F

is an irreducible polynomial of Q[X].

n—1 nl .
Exp,(X) = nl x exp,(X) = X"+ Z EX is irreducible in Z[X].
k=0 """

Schur's generalization:

X2 anl Xn
1+C1X+C2j+"'+Cn—1m+F

is irreducible in Q[X].

where ; € Z (1 <i<n-1)
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FARES’ SUGGESTION

In the late 1990s, Bhargava associated to any infinite subset E of Z
generalized factorials denoted by {k!f}x>0 and suggested to consider:

X X? Xk

expE(X)—1+—X+—+ ot
2l kg
[Vk k!|k!g] = expg is an entire function.
Fares' suggestion: to extend Schur's result to this generalized exponential.
Analogously, we consider the truncated exponential polynomials
X2 X"

X
expe (X)) =1+ —X + 20 +- g

as well as
n—1 n|E
Expg o(X) = nlg x expg o(X) = X" + Z FEX"

[Vk<n Kklg|lnlg] = Expg, € Z[X].
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ABOUT BHARGAVA’S FACTORIALS

DEFINITION (FIX AN INFINITE SUBSET E OF 7Z AND CONSIDER)
«the ring Int(E,Z) = {f € Q[X] | f(E) C Z} of integer-valued poly. on E,
xthe sets J,(E,Z) of Ieading coefficients of the polynomials of Int,(E,Z),
xthe positive generators —— of the fractional ideals J,(E, Z),

Their inverses are Bhargava s factorials n!g associated to E.

LEMMA

1- If E C F, then n!g divides n!g for every n € N.
2- For every n € N, n! divides nlg.

3- For0 < k < n, kg divides n'g.

4- For every ny,m € N, nlg - m!g divides (n+ m)!E.

Proof. 1- E C F = Int(F, Z) CInt(E,Z) = ZC L7 = nlg|nlg.

= nl
3- 0k(E,Z) C3,(E,Z) = {LZC 7 = ;:g cZ
4 Int,(E,Z) - Intm(E,Z) C Intn+m(E 7).
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EXTENSION OF SCHUR’S ARGUMENTS

By contradiction: Expg ,(X) reducible = 3 f(X) | Expg ,(X) such that
f € Z[X] is monic, irreducible, and with degree r < |7].

LEMMA (FIRST ARGUMENT)

If f(X) divides Expg ,(X) in Z[X], is monic and of degree r, then f(0) is

divisible by every prime divisor p of ﬁ

PROOF.

Let p be a prime d|V|sor of m

Then, p divides & for 0 < i< n—r.

Thus, ExpEv,,(X) e p is divisible by X"~r+1.

As deg (E"‘;(Eix)(x)) =n—r<n-—r+1, X divides f(X) modulo p.  [J
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LEMMA (SECOND ARGUMENT)

If f(X) divides Expg ,(X) in Z[X], is monic, of degree r, and irreducible,

and if p|f(0), then there exists k € {1,...,n} such that r > m

PROOF.

Let a be a root of f, K = Q(«), Ok the ring of integers of K.

plf(0) and f(0) = £Nk g(e) = Jq € Spec(Ok) st. p€gand a € q

Expe(a) = 0 = —nle = X)_y fiEa* = vy(nle) > ming v, (2£a¥)
= Jk such that  kvq(a) < vq(k'E).

vg(a) > 1 and vy(klg) = e(a/p) vp(klg) < r x vp(klEg)
k < kvg(a) < vq(klg) < rx vp(klE).
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Recall that the p-valuative capacity of a subset E of Z is defined by

vp(k!E)

dp(E) = lim

k—400

and that §,(E) = supy>1 V"(i!E) while §,(E) is never a maximum.

COROLLARY (OF THE SECOND ARGUMENT)

If f(X) divides Expg ,(X) in Z[X], is monic, of degree r, and irreducible,
and if p|f(0), then
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THEOREM (THIRD ARGUMENT: SYLVESTER'S THEOREM)

The product of s consecutive integers > s is divisible by some p > s.

PROOF OF SCHUR’S THEOREM.

By the third argument, since n > 2(n — r), there exists p>n—r>r

which divides 2.

By the first argument, p divides f(0).

By the second argument, r > 5P%Z) where §,(Z) = limy Vp(kk!) = ﬁ since
k k k
vo(k!) = — | =|=|+|—=|+--- [Legendre
oK) glphJ LpJ Lp2J [ ]

Consequently, r > p — 1, that is, r > p in contradiction with p > r.
f(X) cannot exist and Exp,(X) is irreducible.
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LOOKING FOR INFINITE SUBSETS E OF Z SUCH THAT
Expg ,(X) IS IRREDUCIBLE FOR ALL OR FOR SOME n

ExAMPLE (E = aN WHERE a € N¥)

nlaN—an n! expaN(X) =g (%)
Vn>1 expan.a(X) =D 4 ﬁX" is irreducible.
ExaMPLE (E = N® = {n? |n € N})
nlye = (25)! 5p(N?) = %

Vn>1 expy@ o(X) =1+2374 (§<kk)! is irreducible.

PROOF.
(ﬁ% = (2(n—r)+1)--(2n—1)(2n) = 3p > 2r such that p|f(0).
N

plf(0) = 6,(N@)) = % > 1 = p <2r. Thisis a contradiction. O
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Analogously,
ExamMPLE (E=T = {@ In> 0})

nlt = (2277)1 op(T) = ﬁ —v(2)

Vn>1 expr.n(X) = k0 (22—:)!Xk is irreducible.

An Obvious Generalization
If F=aE+ 3 ={ax+|x € E}, then nlg = a"n!g for every n.

Consequently,

expg(X) = expg (g) :

If Schur’s theorem extends to E, then it also extends to F = aE + (.
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THE CASE E = P (PRIME NUMBERS)

—_ 1 n—1
Vp(n!p) = Z L(F)H—WJ . nlp = H kazo L(pq)ka
k>0 pEP

1 n—1

. 1 p
op(B) = lim X1 X;)?_ (12

Assume that:
A monic irreducible polynomial f € Z[X] of degree r divides Expp ,(X).

LEMMA (SECOND ARGUMENT: p | f(0) = p <r+1) '

PROOF.

p|f(0):>@ < r, that is, p+%<r+2 orp<r+1.

Looking for some p > r + 2 dividing f(0) to have a contradiction.
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LEMMA (p € P AND r € N* ARE SUCH THAT p > r + 2)

For n > 2r, p’ (nﬁ!f)hp iffn—1=(p—1)g+swithge N*and0 <s <r.

SKETCH OF THE PROOF.

(@) - X lomow] -Sle=ow

k>0 k>0
A TR i e el B
p—1>r=[(>0)<(=1)]

THEOREM (n>2r>0,p>r+2)

Ifn—1=(p—1)g+s whereqe N* and0 <s <,
then expp ,(X) has no irreducible divisor of degree r.
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LeEmMA (RooTs)
If o € Q is a root of Expg ,(X), then a € Z\ N and vp(a) < 6,(E) Vp

PROOF: Expg ,(a) = 0.

sSnlg=57_4 Z!!—Eak = Vp3k s.t. vp(a) < # < p(E) O

THEOREM
For all n > 2, the polynomial Expp ,(X) does not have any root in Z.

PROOF: ASSUME THAT « € Z IS A ROOT OF Expp ,(X).

9p(P) = ﬁ <1lforp#2and (P)=2 = ac{-1,-2}. O

Thus, the inequalities to consider are

2§r§L§JWith{

p>r+2
0<s<r
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LEMMA (LET p > 3] +2)

,D|(n—r)|fora/lrsuchthat2<r<LgJ & n=porp+1.

PROOF.

[p> (3] +2]=[n—12> (|4 +1)a+s>%a] = [g=1]

COROLLARY
For every p € P, expp ,(X) and expp ,,1(X) are irreducible.

PROOF: p>5 = p> 2] +2 ; FOR n=2,3,4 OK.

EXAMPLE

For 1 < n <8, expp, is irreducible.
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The conditions that we used are only sufficient conditions

Note that, for a fixed n, we can consider several p. For instance:

EXAMPLE

expp g is irreducible. Consequently, expp , is irreducible for n < 14.

THEOREM
In fact, we have better results since there are several improvements of
Sylvester's theorem.

REMARK.
There are many interesting subsets E of Z for which it should be possible
to prove the irreducibility of expg ,(X). O
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