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This talk is based on the following joint works with H.S. Choi.

@ G.W. Chang and H.S. Choi, Almost Dedekind domains constructed
from chains of Dedekind domains, submitted.

Q , Formal unique factorization domains, submitted.
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Motivation
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Thering D= | F[XP%,X_PL”] for a prime number p

neNp

Let p be a prime number, F a field, X an indeterminate over F, and
D, = F[XPL”,XV%”] for each n € Ng. Then

e D, = Fly,y 1] for an indeterminate y over F,

@ D, is a PID, and

@ Dp1 is an integral extension of D, for all n € Ny,

Let D= |J D,. Then the following conditions hold.
neNp

@ D= U D,forall keNy.
neNy,n>k

@ D is a one-dimensional Bezout domain.

© D is an almost Dedekind domain if and only if char(F) # p, if and
only if D is an SP domain.
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Prime elements of D = | F[Xpi",X_pi"] I

neNy

Let £(X) € F[X] be an irreducible polynomial in F[X] with f(0) # 0.

Let n € Ng. Then f(X) is irreducible in F[XPL”] if and only if f(XP") is
irreducible in F[X].

Proposition 3

Let D= |J F[X P%,X _P%] Then the following statements are
neNg
equivalent.

Q f(X) is an irreducible element of D.

Q Ifp=2 (resp., p > 2), then f(X*) (resp., f(XP)) is an irreducible
element of F[X].

© f(XP") is an irreducible element of F[X] for all n € Ny.
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Prime elements of D = | F[Xpi",X_pi"] I

neNy

Example 4

Let f(X) =ao+ aX + -+ amX™ be a nonconstant polynomial of Z[X]
such that g | ap,q | a1,...,9 | am—1,9 1 am, g* { ap for some prime number
g. Then the following statements hold.

o f(XP") is irreducible in Q[X] for all n € Ny by Eisenstein's criterion.

e f(X) is prime in D with F = Q by Proposition 3.
Let D= |J Q[X2", X 27]. Note that X* + 1 is irreducible in Q[X] but

neNp
X* — 1 is not irreducible in Q[X]. Hence, by Proposition 3, X + 1 is a

prime element of D but X — 1 is not a prime element of D. In particular,
1
X2 + 1 is a prime element of D for all n € Np.

A\
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Formal product of infinitely many prime elements

Notice that in D = |J Q[X27, X~27], we have

neNp
X —1=(X?—1)(X?+1)
= (X3 —1)(X3 +1)(X2 +1)
= (X5 — 1)(X5 + 1)(X7 + 1)(X? +1)

o0
Thus, we want to write X — 1 = H(X%’ +1).
i=1
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Definition of a formal UFD
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Definition of formal UFDs |

Let D be an integral domain and a, b € D be nonzero.
@ a| b denotes b = ad for some d € D.
@ For n € Ny, a" || b denotes that a” | b but a"*1 1 b.
@ U(D) is the group of units in D.

Notation 6

(1) Let S be a set of prime elements of D such that if p € D is a prime
element, there exists a unique prime q € S so that pD = gD.

(2) Let (S) be the saturated multiplicative subset of D generated by S
and xU(D) = {xu | u € U(D)} for all x € D. Then, by the axiom of
choice, there exists a subset T of D\ ((S) U {0}) such that
|TNaU(D)| =1 forallac D\ ((S)U{0}).
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Definition of formal UFDs II

(3) Let g € T be such that there exists a unique set {k, € Ng | p € S}
with the following properties:
(a) p* | g for each p € S and
(b) if h € D is such that p* || h for each p € S, then g | h.
Then we will write g = ] p*.
pES
(4) If f € D is a nonzero nonunit satisfying (a) and (b) above, then there

exists a unique unit ug of D such that f = us [[ p*», which will be
pES

said to be a formal product of prime elements.
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Definition of formal UFDs IlI

Definition 8

An integral domain D is a formal UFD if
@ D is a GCD domain and

@ each nonzero nonunit can be written as a formal product of (possibly
infinitely many) prime elements.

The following example seems to be correct, so the second condition of
Definition 8 does not imply that D is a GCD domain.

Example 9 (M.H. Park’s talk on Thursday)

Let V' be a rank-one nondiscrete valuation domain and V/[[X]] be the
power series ring over V.

@ VI[[X]]v\{o) satisfies the second condition of Definition 8.
@ VI[[X]]v\{o} need not be a GCD domain.

Gyu Whan Chang (Incheon National Univ.) 12/21



Three examples of a formal UFD
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Example of formal UFDs |

Let D= J Q[X2",X27]. Then D is a formal UFD.
neNg

v

(1) D is a one-dimensional Bezout domain.
(2) Let f(X) € Q[X] be a nonconstant polynomial with f(0) # 0. If £(X)
is irreducible over @, then the following are equivalent.
(i) f(X) is not a product of finitely many prime elements of D.
(ii) f(X) = udgy(X) for some nonzero u € Q and an odd integer d € N.

(3) d € Nis even if and only if ®4(X) is a prime element of D.

(4) Let ky,..., ks be positive integers and /i, ..., I, be distinct positive
odd integers. Then @y (X)X - &, (X)ke = ]  Pgy(X77)k.
neN,
Jje{1,..., a}
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Example of formal UFDs | cont.

(5) Each nonzero nonunit of D can be written uniquely as a formal
product of prime elements of D.

(Proof. Let S be the set of monic polynomials of R = Q[X%"]
neNp

that are prime elements of D.
@ If f € D is a nonzero nonunit, then X™f € Q[Xzik] for some integers

m, k € Ng, so we may assume that f € Q[Xzik].
@ D= |J Q[X#,X 2] sowe may assume that k = 0, and hence
n€Ng,n>k
f € Q[X] and £(0) # 0.
© f=f"--f& is a prime (or an irreducible) factorization of f in Q[X].
@ Each fifori=1,...,s, and hence f can be written as a formal
product of prime elements by (2), (3) and (4).
© D is a Bezout domain by (1), so D is a formal UFD. )
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Example of formal UFDs Il

Let D be an almost Dedekind Bézout domain and N be the saturated
multiplicative subset of D generated by prime elements. If all but finitely
many maximal ideals of D are principal, then D is a formal UFD.

Let c(f) be the ideal of D generated by the coefficients of a polynomial
f € D[X] and D(X) = {g£ | f,g € D[X] and c(g) = D}. Then D(X),
called the Nagata ring of D, is an overring of D[X].

Let D be an almost Dedekind domain. If all but finitely many of maximal
ideals of D are invertible, then D(X) is a formal UFD.
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Example of formal UFDs Il

The ring of entire functions 1

Let E be the ring of entire functions. Then E is a formal UFD.

Proposition 14

| \

Let s, =z — «a for all « € C, N be the saturated multiplicative subset of
E generated by {s, | a € C} and D be an overring of Ey that is not a
field. Then the following statements hold.
© s.E is a height-one maximal ideal of E for all o € C.
Q@ E= ) EsE.
aeC
© D is not completely integrally closed.

@ The Krull dimension of D, denoted by dim(D), is uncountable.
© D is not a formal UFD. In particular, Ey is not a formal UFD.

= = = — SaNe;
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Example of formal UFDs Il

The ring of entire functions 2

For a nonzero f € E, let Z(f) = {a € C| f(a) = 0}, so Z(f) has no limit
point in C. Conversely, if Z = {z}ien, is a discrete subset of C with no
limit point in C and if {n;};en, is a sequence of positive integers, then
there exists f € E such that Z(f) = Z and O,(f) = n; for each i € Ny.

Corollary 15

Let D be an overring of E that is not a field. The following are equivalent.
@ D is a formal UFD.
@ D is completely integrally closed.
©@ D= () Es,g for a nonempty subset A of C.

acA

© D= Ey, where N =E\ ( |J soE) for a nonempty subset A of C.
acA

©@ D=Ey, where N={f e E|Z(f)n A =0} for some ) # ACC.
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Example of formal UFDs Il

The ring of entire functions 3

Corollary 16

Let D be an overring of E that is not a field. The following are equivalent.

@ D is a UFD, equivalently, a Dedekind domain or a PID.

@ D is an almost Dedekind domain.

@ dim(D) = 1.

Q dim(D) < oc.

@ D= () Es g, which is of finite character, for a nonempty A C C.
aeA

@ D= () Es g for a nonempty bounded subset A of C.
aeA

@ D=Ey, where N=E\ (| saE) or N={f e E|Z(f)nA=0}

acA
for a nonempty bounded subset A of C.

YE.M. Pirtle, A note on overrings of the ring of entire functions, Monatsh. Math. 75
(1971), 163-167.
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A characterization of formal UFDs and Question

Let XI}(D) be the set of height-one principal prime ideals of a GCD
domain D. Then the following statements are equivalent.

@ D is a formal UFD.

@D= (| Ds
PeXL(D)

@ D|[X], the polynomial ring over D, is a formal UFD.

Question 18

Let D be an integral domain in which each nonzero nonunit can be written
uniquely as a product of (possibly infinitely many) prime elements. Is D a
GCD domain or a formal UFD ?
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Thank you for your attention
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