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Rings, Subrings, and Covers

For this talk:
@ Aring R is an associative ring with unity.

@ A subring S of R need not have a multiplicative identity.
Subring = group under +, closed under mult.

Let R be a ring.
@ A cover of R is a collection C of proper subrings of R whose union is all of R:

R=[Js

Sec

@ R is coverable if and only if a cover exists.

@ The covering number of R is the minimum number of subrings necessary to

cover R.

@ o(R) = covering number of R. If R is , then we set
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o-elementary Rings

Recall: o(R) < o(R/I) for any two-sided ideal I

Definition
R is o-elementary if o(R) < o(R/I) for every non-zero two-sided ideal of R. J

@ A o-elementary ring must be coverable, since o(R) < ¢({0}) = occ.
o If R is coverable but not o-elementary, then o(R) = o(R/I) for some I.

o If R admits a finite cover, then o(R) = o(R’) for some o-elementary ring R’
that is a residue ring of R.

o If n € N occurs as a covering number of a ring, then n is the covering
number of some o-elementary ring.
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o-elementary Rings

Recall: o(R) < o(R/I) for any two-sided ideal I

Definition
R is o-elementary if o(R) < o(R/I) for every non-zero two-sided ideal of R. J

@ A o-elementary ring must be coverable, since o(R) < ¢({0}) = occ.
o If R is coverable but not o-elementary, then o(R) = o(R/I) for some I.

o If R admits a finite cover, then o(R) = o(R’) for some o-elementary ring R’
that is a residue ring of R.

o If n € N occurs as a covering number of a ring, then n is the covering
number of some o-elementary ring.

Goal: classify all o-elementary rings
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The Big Theorem: Four Families of o-elementary Rings

Theorem (Swartz, W. (2024))

Let R be a o-elementary ring.

Then, R is a finite ring of characteristic p, and one of the following holds.
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The Big Theorem: Four Families of o-elementary Rings

Theorem (Swartz, W. (2024))

Let R be a o-elementary ring.

Then, R is a finite ring of characteristic p, and one of the following holds.

1. If R is commutative and semisimple, then R is a direct sum of copies of [,.

For some prime power q, R & EB,T:(C{) Fq
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The Big Theorem: Four Families of o-elementary Rings

Theorem (Swartz, W. (2024))

Let R be a o-elementary ring.
Then, R is a finite ring of characteristic p, and one of the following holds.

1. If R is commutative and semisimple, then R is a direct sum of copies of [,.
For some prime power g, R = EB,T:(‘{) Fq

2. If R is commutative but not semisimple, then R is an idealization.
For some prime power g, R = Fo(+)F5
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Theorem (Swartz, W. (2024))

Let R be a o-elementary ring.
Then, R is a finite ring of characteristic p, and one of the following holds.

1. If R is commutative and semisimple, then R is a direct sum of copies of I,

For some prime power q, R & EB,T:(C{) Fq

2. If R is commutative but not semisimple, then R is an idealization.
For some prime power g, R = Fo(+)F5

3. If R is noncommutative and semisimple, then R is a matrix ring.
For some prime power g and integer n > 2, R = M,(q)
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The Big Theorem: Four Families of o-elementary Rings

Theorem (Swartz, W. (2024))

Let R be a o-elementary ring.
Then, R is a finite ring of characteristic p, and one of the following holds.

1. If R is commutative and semisimple, then R is a direct sum of copies of [,.
For some prime power g, R = EB,T:(‘{) Fq

2. If R is commutative but not semisimple, then R is an idealization.
For some prime power g, R = Fo(+)F5

3. If R is noncommutative and semisimple, then R is a matrix ring.
For some prime power g and integer n > 2, R = M,(q)

4. If R is noncommutative and not semisimple, then R is a ring of AGL-type.

Nicholas J. Werner (SUNY at Old Westbury) Covering Numbers of Rings Il July 14, 2025 4/18



Summary of Formulas

Let R be a o-elementary ring.

1. If R is commutative and semisimple, then R = @T(q) Fq g = p°, and

o(R) = (q)v(q) + d(")

2. If R is commutative but not semisimple, then R = Fy(+)F2, and o(R) = g + 1

3. If R is noncommutative and semisimple, then R = M,(q), a is the smallest prime
divisor of n, and

Ln/2] n
= 1Hk 1,atk (4"~ ¢" )+ 22 la)(k(k)q

4. If R is noncommutative and not semisimple, then (barring small exceptions),
R2 A(n,qi,q2), >3, g=¢q{, d < n, and

o(R)=4q"+(3), +w(d)
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Summary of Formulas

Let R be a o-elementary ring.

1.

If R is commutative and semisimple, then R = @T(q) Fq g = p°, and
a(R) = 7(q)v(q) + d("%")
Bounds: q—z o(R) < &

. If R is commutative but not semisimple, then R = Fo(+)F2, and o(R) = q + 1

If R is noncommutative and semisimple, then R = M,(q), a is the smallest prime
divisor of n, and

Ln/2] n
71Hk 1,atk (4"~ ¢" )+ 22 la)(k(k)q

Bounds: q""~("/3-1) < 5(R) < q"("~(n/2)

If R is noncommutative and not semisimple, then (barring small exceptions),
R= A(n,qi,q2), n>3,g=¢q{, d < n, and

a(R)=4q"+(3), +w(d)

n—d+1

Bounds: ¢" < o(R)<q"+gq +d
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Reductions 1 and 2: Finite Rings of Order p”

Theorem (B. H. Neumann, J. Lewin)

Let R be a coverable ring such that o(R) is finite. Then, there exists a two-sided
ideal I of R such that R/I is finite and o(R) = o(R/I).

Chinese Remainder Theorem

Let R be a finite ring. Then, R is isomorphic to a direct product of rings of prime
power order:

RYR X Ry X+ xRy, where|R;|= p,-d" for distinct primes ps, ..., pm-

Also, if S is a subring of R, then S = 5; x S, X -+ X S, where each S; is a
subring of R;.
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Reductions 1 and 2: Finite Rings of Order p”

Theorem (B. H. Neumann, J. Lewin)

Let R be a coverable ring such that o(R) is finite. Then, there exists a two-sided
ideal I of R such that R/I is finite and o(R) = o(R/I).

Chinese Remainder Theorem
Let R be a finite ring. Then, R is isomorphic to a direct product of rings of prime
power order:

RYR X Ry X+ xRy, where|R;|= p,.d" for distinct primes ps, ..., pm-

Also, if S is a subring of R, then S = 5; x S, X -+ X S, where each S; is a
subring of R;.

Corollary

Let R be as above. If R is coverable, then o(R) = 1r<n!1 a(Ry).
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Reduction 3: Rings of Characteristic p

Proposition (Swartz, W. (2021))

Let R be a finite coverable ring of order p".

Then o(R) = o(R/pR).
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Reduction 3: Rings of Characteristic p

Proposition (Swartz, W. (2021))

Let R be a finite coverable ring of order p”.

Then o(R) = o(R/pR).

Proof sketch:
@ Show that pR C M for every maximal subring M of R.
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Reduction 3: Rings of Characteristic p

Proposition (Swartz, W. (2021))

Let R be a finite coverable ring of order p”.

Then o(R) = o(R/pR).

Proof sketch:
@ Show that pR C M for every maximal subring M of R.

@ Since pR is contained in every maximal subring, any minimal cover of R can
be pushed forward onto R/pR.

So, 0(R/pR) < o(R).

@ But, o(R) < o(R/pR). Thus, o(R/pR) = (R).
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Reduction 4: Rings with JRad(R)? = 0

Wedderburn-Malcev Theorem

Let R be a finite ring characteristic p.

Let J be the Jacobson radical of R (J = intersection of max. ideals).

There exists a semisimple (direct sum of mat. rings) [F,-subalgebra S of R such that:
e R=SaJ
e S®R/J
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Reduction 4: Rings with JRad(R)? = 0

Wedderburn-Malcev Theorem

Let R be a finite ring characteristic p.

Let J be the Jacobson radical of R (J = intersection of max. ideals).

There exists a semisimple (direct sum of mat. rings) [F,-subalgebra S of R such that:
e R=SadJ
e S®R/J

@ S is unique up to conjugation by elements of 1 + J
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Reduction 4: Rings with JRad(R)? = 0

Wedderburn-Malcev Theorem

Let R be a finite ring characteristic p.
Let J be the Jacobson radical of R (J = intersection of max. ideals).
There exists a semisimple (direct sum of mat. rings) [F,-subalgebra S of R such that:

e R=SadJ
e S®R/J

@ S is unique up to conjugation by elements of 1 + J

Theorem (Swartz, W. (2021))

Let R be a finite coverable ring of characteristic p.

Then, J? is contained in every maximal subring of R.
Thus, o(R) = o(R/J?).
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Reduction 4: Rings with JRad(R)? = 0

Wedderburn-Malcev Theorem

Let R be a finite ring characteristic p.
Let J be the Jacobson radical of R (J = intersection of max. ideals).
There exists a semisimple (direct sum of mat. rings) [F,-subalgebra S of R such that:

e R=SadJ
e S®R/J

@ S is unique up to conjugation by elements of 1 + J

Theorem (Swartz, W. (2021))

Let R be a finite coverable ring of characteristic p.

Then, J? is contained in every maximal subring of R.
Thus, o(R) = o(R/J?).

Corollary

If o(R) is finite, then to find o(R) it suffices to consider residue rings of R that
are finite; have characteristic p; and have J2=0.

v
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The “Too Many Conjugates” Principle

Proposition (Swartz, W. (2021))

Let R be a g-elementary ring, and let C be a minimal cover of R.
Let T be a maximal subring of R that has an ideal complement in R.

Thatis R = T @ I for some two-sided ideal I of R.
Then

# conjugates of T in R< o(R) < o(T)
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The “Too Many Conjugates” Principle

Proposition (Swartz, W. (2021))

Let R be a g-elementary ring, and let C be a minimal cover of R.
Let T be a maximal subring of R that has an ideal complement in R.

Thatis R = T @ I for some two-sided ideal I of R.
Then

# conjugates of T in R< o(R) < o(T)

Proof sketch:
o Certainly, o(R) < o(R/I) = o(T).
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The “Too Many Conjugates” Principle

Proposition (Swartz, W. (2021))

Let R be a g-elementary ring, and let C be a minimal cover of R.
Let T be a maximal subring of R that has an ideal complement in R.

Thatis R = T @ I for some two-sided ideal I of R.
Then

# conjugates of T in R< o(R) < o(T)

Proof sketch:
o Certainly, o(R) < o(R/I) = o(T).
e But, R is o-elementary, so o(R) < o(T).
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The “Too Many Conjugates” Principle

Proposition (Swartz, W. (2021))

Let R be a g-elementary ring, and let C be a minimal cover of R.
Let T be a maximal subring of R that has an ideal complement in R.

Thatis R = T @ I for some two-sided ideal I of R.
Then

# conjugates of T in R< o(R) < o(T)

Proof sketch:
o Certainly, o(R) < o(R/I) = o(T).
e But, R is o-elementary, so o(R) < o(T).
e If T ¢ C, then contract each subring in C to T to get a cover of T. So,

o(T) <[C] = o(R).

Contradiction!
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The “Too Many Conjugates” Principle

Proposition (Swartz, W. (2021))

Let R be a g-elementary ring, and let C be a minimal cover of R.
Let T be a maximal subring of R that has an ideal complement in R.

Thatis R = T @ I for some two-sided ideal I of R.
Then

# conjugates of T in R< o(R) < o(T)

Proof sketch:
o Certainly, o(R) < o(R/I) = o(T).
e But, R is o-elementary, so o(R) < o(T).
e If T ¢ C, then contract each subring in C to T to get a cover of T. So,
o(T) <[C] = o(R).

Contradiction!

@ Conclusion: T, and every conjugate of T, must be in C.
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The “Too Many Conjugates” Principle

Proposition (Swartz, W. (2021))

Let R be a g-elementary ring, and let C be a minimal cover of R.
Let T be a maximal subring of R that has an ideal complement in R.

Thatis R = T @ I for some two-sided ideal I of R.
Then

# conjugates of T in R< o(R) < o(T)

Proof sketch:
o Certainly, o(R) < o(R/I) = o(T).
e But, R is o-elementary, so o(R) < o(T).
e If T ¢ C, then contract each subring in C to T to get a cover of T. So,

o(T) <[C] = o(R).

Contradiction!
@ Conclusion: T, and every conjugate of T, must be in C.
How to use this: If T has “too many” conjugates, then R is not o-elementary!
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Peirce Decomposition

Assumptions so far:
@ R: finite, characteristic p
J: Jacobson radical of R, J2 =0
R=S®J, where S = R/J is semisimple
S is unique up to conjugation by elements of 1+ J
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Peirce Decomposition

Assumptions so far:
@ R: finite, characteristic p
e J: Jacobson radical of R, J2=0
@ R=5@J, where S = R/J is semisimple
@ S is unique up to conjugation by elements of 1 + J

Fix a choice for S|
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Peirce Decomposition

Assumptions so far:
@ R: finite, characteristic p
@ J: Jacobson radical of R, J> =0
@ R=5@J, where S = R/J is semisimple
@ S is unique up to conjugation by elements of 1 + J

Fix a choice for S|

Then, for some N > 1,
e S= @fvzl Si, where each S; is a simple ring: S; = M,,.(qg;) (ni > 1, ¢; = p%)
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Peirce Decomposition

Assumptions so far:
@ R: finite, characteristic p
@ J: Jacobson radical of R, J> =0
@ R=5@J, where S = R/J is semisimple
@ S is unique up to conjugation by elements of 1 + J

|Fix a choice for S|

Then, for some N > 1,
e S= @fvzl Si, where each S; is a simple ring: S; = M,,.(qg;) (ni > 1, ¢; = p%)
@ Let ¢s =15, Then, ey,..., ey are orthogonal idempotents and Z,. e =1g
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Peirce Decomposition

Assumptions so far:
@ R: finite, characteristic p
@ J: Jacobson radical of R, J> =0
@ R=5@J, where S = R/J is semisimple
@ S is unique up to conjugation by elements of 1 + J

|Fix a choice for S|

Then, for some N > 1,
e S= @fvzl Si, where each S; is a simple ring: S; = M,,.(qg;) (ni > 1, ¢; = p%)
@ Let ¢s =15, Then, ey,..., ey are orthogonal idempotents and Z,. e =1g
@ Perform a Peirce decomposition of J:

J= @ e,-Jej

1<ij<n

Each e;Je; is an (S;, Sj)-bimodule.
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Peirce Decomposition

Assumptions so far:
@ R: finite, characteristic p
@ J: Jacobson radical of R, J> =0
@ R=5@J, where S = R/J is semisimple
@ S is unique up to conjugation by elements of 1 + J

|Fix a choice for S|

Then, for some N > 1,
e S= @fvzl Si, where each S; is a simple ring: S; = M,,.(qg;) (ni > 1, ¢; = p%)
@ Let ¢s =15, Then, ey,..., ey are orthogonal idempotents and Z,. e =1g
@ Perform a Peirce decomposition of J:
J= @ e,-Jej
1<i j<n
Each e;Je; is an (S;, Sj)-bimodule.
@ Because J2 = 0, each ejJej is a two-sided ideal of R!!
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Restrictions on o-elementary Rings

Assumptions:
@ R: finite, characteristic p, R=S® J
@ J: Jacobson radical of R, J2=0
(] SZGBII-V:IS;, e,-:lsl.

Consequences of Peirce Decomposition of J:
@ Forall 1 <i,j< N, eiJeis a two-sided ideal of R.
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Restrictions on o-elementary Rings

Assumptions:
@ R: finite, characteristic p, R=S® J
@ J: Jacobson radical of R, J2=0
(] 52691,-\’:15;, e,-:lsl.

Consequences of Peirce Decomposition of J:
@ Forall 1 <i,j< N, eiJeis a two-sided ideal of R.
@ Any two-sided ideal I C J has an ideal complement Tind:J=IaT
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Restrictions on o-elementary Rings

Assumptions:
@ R: finite, characteristic p, R=S® J
@ J: Jacobson radical of R, J2=0
(] 52691,-\’:15;, e,-:lsl.

Consequences of Peirce Decomposition of J:
@ Forall 1< i,j< N, eJeis a two-sided ideal of R.
@ Any two-sided ideal I C J has an ideal complement Tind:J=IaT

@ Assume [ is a maximal subideal of J. Let T = SSAI. R
Then, T is a maximal subring of R, and R=T @1, and T = R/I.
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Restrictions on o-elementary Rings

Assumptions:
@ R: finite, characteristic p, R=S® J
@ J: Jacobson radical of R, J2=0
(] 52691,-\’:15;, e,-:lsl.

Consequences of Peirce Decomposition of J:
@ Forall 1< i,j< N, eJeis a two-sided ideal of R.
@ Any two-sided ideal I C J has an ideal complement Tind:J=IaT

@ Assume [ is a maximal subideal of J. Let T = SGAI. R
Then, T is a maximal subring of R, and R=T @1, and T = R/I.
@ By the "Too Many Conjugates” Principle, if R is o-elementary, then

# conjugates of T in R< o(R) < o(T)
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Restrictions on o-elementary Rings

Assumptions:
@ R: finite, characteristic p, R=S® J
@ J: Jacobson radical of R, J2=0
(] 52691,-\’:15;, e,-:lsl.

Consequences of Peirce Decomposition of J:
@ Forall 1< i,j< N, eJeis a two-sided ideal of R.
@ Any two-sided ideal I C J has an ideal complement Tind:J=IaT

Assume [ is a maximal subideal of J. Let T =S & [.
Then, T is a maximal subring of R, and R=T & I,and T = R/I

By the “Too Many Conjugates” Principle, if R is o-elementary, then

# conjugates of T in R< o(R) < o(T)

Roughly speaking, we end up with lots of conjugates whenever:
» S; is noncommutative and e;Je; # 0; or
» Both S; and S; are noncommutative and ejJe; # 0; or
> S; is noncommutative, S; is a field, e;Je; is not a simple (S;, S;)-bimodule
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Restrictions on o-elementary Rings

Assumptions:
@ R: finite, characteristic p, R=S® J
@ J: Jacobson radical of R, J2=0
(] 52691,-\’:15;, e,-:lsl.

Consequences of Peirce Decomposition of J:
@ Forall 1< i,j< N, eJeis a two-sided ideal of R.
@ Any two-sided ideal I C J has an ideal complement Tind:J=IaT

Assume [ is a maximal subideal of J. Let T =S & [.
Then, T is a maximal subring of R, and R=T & I,and T = R/I

By the “Too Many Conjugates” Principle, if R is o-elementary, then

# conjugates of T in R< o(R) < o(T)

Roughly speaking, we end up with lots of conjugates whenever:

» S; is noncommutative and e;Je; # 0; or

» Both S; and S; are noncommutative and ejJe; # 0; or

> S; is noncommutative, S; is a field, e;Je; is not a simple (S;, S;)-bimodule
R cannot be o-elementary in these cases
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After the Dust Settles

Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.
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After the Dust Settles

Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.

o If egJej =0 forall 1 <i,j < N, then R is semisimple.

> Commutative case: R = @]V F,
» Noncommutative case: R = M,(q)
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After the Dust Settles

Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.

o If egJej =0 forall 1 <i,j < N, then R is semisimple.

> Commutative case: R = @]V F,
» Noncommutative case: R = M,(q)

@ Suppose e;Je; # 0.
» Commutative case: R = Fq(+)F?
» Noncommutative case: can't happen! (too many conjugates)
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After the Dust Settles

Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.
o If egJej =0 forall 1 <i,j < N, then R is semisimple.
> Commutative case: R = @]V F,

» Noncommutative case: R = M,(q)

@ Suppose e;Je; # 0.
» Commutative case: R = Fq(+)F?
» Noncommutative case: can't happen! (too many conjugates)

@ Suppose e;Je; # 0 with i # j.
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After the Dust Settles

Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.

o If egJej =0 forall 1 <i,j < N, then R is semisimple.

> Commutative case: R = @]V F,
» Noncommutative case: R = M,(q)

@ Suppose e;Je; # 0.
» Commutative case: R = Fq(+)F?
» Noncommutative case: can't happen! (too many conjugates)

@ Suppose e;Je; # 0 with i # j.
» Commutative case: can't happen! (for x € eiJe; \ {0}, eix = x but xe; = 0)
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Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.

o If egJej =0 forall 1 <i,j < N, then R is semisimple.

» Commutative case: R & EB:(:I) Fq
» Noncommutative case: R = M,(q)

@ Suppose e;Je; # 0.
» Commutative case: R = Fq(+)F?
» Noncommutative case: can't happen! (too many conjugates)

@ Suppose e;Je; # 0 with i # j.
» Commutative case: can't happen! (for x € eiJe; \ {0}, eix = x but xe; = 0)
» Noncommutative case: R is an AGL-type ring.
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After the Dust Settles

Assume R is o-elementary.
@ There is at most one pair (i,j) with e;Je; # 0.

o If egJej =0 forall 1 <i,j < N, then R is semisimple.

> Commutative case: R = @]V F,
» Noncommutative case: R = M,(q)

@ Suppose e;Je; # 0.
» Commutative case: R = Fq(+)F?
» Noncommutative case: can't happen! (too many conjugates)

@ Suppose e;Je; # 0 with i # j.
» Commutative case: can't happen! (for x € eiJe; \ {0}, eix = x but xe; = 0)
» Noncommutative case: R is an AGL-type ring.
WLOG, S,‘ = M,,(q,') and 5_,' = qu.
Then, ejJe; must be a simple (S;, S;)-bimodule:
eiJej = Myx1(q), q = order of compositum of Fy, and Fy,

We get R = Ma(q:) | Mnf1(q)
0 Fy,
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What about RNGs?

We can relate covers of non-unital rings (rngs) with coverings of unital rings.
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What about RNGs?

We can relate covers of non-unital rings (rngs) with coverings of unital rings.

Dorroh Extension
Let R be a rng of characteristic n > 0.

The Dorroh extension or unitization of R is the ring
R':=Z,xR

with operations

(n,n)+(n,n)=(n+nmn, n+n)

(m, rn)(n2, )= (ninz, nir + npr + rir)
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What about RNGs?

We can relate covers of non-unital rings (rngs) with coverings of unital rings.

Dorroh Extension
Let R be a rng of characteristic n > 0.

The Dorroh extension or unitization of R is the ring
R':=Z,xR
with operations

(n,n)+(n,n)=(n+nmn, n+n)

(m, rn)(n2, )= (ninz, nir + npr + rir)

Properties:
e R!is a ring with identity element (1,0)
@ R embeds into R* via r — (0,r)
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Unital Covers

Definition
Let R be a ring with unity. Assume R can be covered by proper subrings
containing 1g.

Let o,(R) be the size of a minimal cover of R by proper subrings containing 1x.

We call 0,(R) the unital covering number of R.
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Unital Covers

Definition

Let R be a ring with unity. Assume R can be covered by proper subrings

containing 1g.

Let o,(R) be the size of a minimal cover of R by proper subrings containing 1x.

We call 0,(R) the unital covering number of R.

Theorems (Swartz, W. (2024))

1. Let R be a ring with unity. Assume R can be covered by proper subrings

containing 1g.
Then, o,(R) = o(R).

v
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Unital Covers

Definition
Let R be a ring with unity. Assume R can be covered by proper subrings
containing 1g.

Let o,(R) be the size of a minimal cover of R by proper subrings containing 1x.

We call 0,(R) the unital covering number of R.

Theorems (Swartz, W. (2024))

1. Let R be a ring with unity. Assume R can be covered by proper subrings
containing 1g.
Then, o,(R) = o(R).

2. Let R be a rng that has a finite cover.
Let R! be the Dorroh extension of R.
Then, o(R) = o,(RY).
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Summary of Formulas

Let R be a o-elementary ring with unity.
1. If R is commutative and semisimple, then R = @T(q) Fq, g = p°, and
o(R) = r(q)v(q) + d("%")

2

Bounds: % < o(R) < ;’—d

2. If R is commutative but not semisimple, then R = F(+)F2, and o(R) = q + 1

3. If R is noncommutative and semisimple, then R = M,(q), a is the smallest prime
divisor of n, and

Ln/2] n
=: Hk 1,atk (6" —q")+ Zk:l.afk (k)q

Bounds: q” (n=(/=1) < 5(R) < g""~("/2)

4. If R is noncommutative and not semisimple, then (barring small exceptions),
R A(n,q1,q2), n >3, g=gqf, d <n, and
o(R)=q"+ <d)q1 + w(d)

Bounds: ¢" < o(R) < q"+q" "' +d
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Almost All Positive Integers are Not Covering Numbers
Theorem (Swartz, W. (2024))
Let NeN, N >2

Form Max # integers at most N
(g)v(a) +d(§)
g+1
= A afk(q - g+ Eknz/fjafk (Z)q
q" + (d)ch + w(d)
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Almost All Positive Integers are Not Covering Numbers

Theorem (Swartz, W. (2024))
Let NeN, N >2

Form Max # integers at most N
m(q)v(q)+d("Y) 8N/ log, N
g+1

2 n
: Hk 1 a{k(q —q*) + ZIEH:/LJaJ(k (k)q
q"+ (3)g, +w(d)
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Theorem (Swartz, W. (2024))
Let NeN, N >2

Form Max # integers at most N
m(q)v(q)+d("Y) 8N/ log, N
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Almost All Positive Integers are Not Covering Numbers

Theorem (Swartz, W. (2024))
Let NeN, N >2

Form Max # integers at most N
m(q)v(q)+d("Y) 8N/ log, N
qg+1 8N/ log, N
LTIt le” — 0+ k2L, (D, 6N, log, N
q"+ (3)g, +w(d) 72N/ log, N

Corollary

Define &(N) := {m | m < N, o(R) = m for some ring R}.
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Almost All Positive Integers are Not Covering Numbers

Theorem (Swartz, W. (2024))
Let NeN, N >2

Form Max # integers at most N
m(q)v(q)+d("Y) 8N/ log, N
qg+1 8N/ log, N
MTiale” = 99+ i (B, 56N/ log, N
q"+ (3)g, +w(d) 72N/ log, N

Corollary
Define &(N) := {m | m < N, o(R) = m for some ring R}.
144N
1 |E(N)] < 2
\é”SVN)\ —0

2. lim
N— o0

3. Almost all positive integers are not the covering number of a ring
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THANK YOU!
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